Introduction
We shall consider sums of the form S(D; q 1 ; q 2 ) = such that card C(D; q 1 ; q 2 ) = " for at least one D 2 F prime to r.
The aim of the present paper is to prove Theorem The sets P 0 and P 1 are both nite. More precisely, P 0 has 55 elements and P 1 has 116 elements, as listed in Section 5. The sets P " are of interest for the following reason.
For each " = 0; 1 and hq 1 ; q 2 i 2 P " the set of all D 2 F prime to r satisfying card C(D; q 1 ; q 2 ) = " is, by virtue of (1.7), the intersection of F with the union of some arithmetic progressions with the rst term D 0 and the di erence r (r 3 1 ; q 2 i known to satisfy (1.1), (1.10) and (1.11) for some D 0 prime to r happen to belong to P 0 and P 0 does not contain any new pair with q 2 ? q 1 = 1 r . We do not know, however, whether the conditions (1.1), (1.10) and (1.11) for some D prime to r imply hq 1 ; q 2 i 2 P 0 . Also, we cannot say anything about relation (1.11) with (D 0 ; r) 6 = 1. On the other hand, as we shall show in Section 4, if hq 1 ; q 2 i 2 P 0 , card C(D 0 ; q 1 ; q 2 ) = 0 and (D 0 ; r) = 1 then (1.8) implies (1.11) without the condition D 2 F, for all non-square discriminants D.
Further, all known pairs hq 1 ; q 2 i satisfying (1:1), (1.10) and (1:13) for xed E, c and some D 0 2 F prime to r happen to belong to P 1 and again, we do not know whether these conditions imply hq 1 ; q 2 i 2 P 1 . In this case, however there is a new relation with q 2 ? q 1 = 1 r , namely h(12D) = 4 
3
The paper is organized as follows. In Section 2 we prove three propositions on characters, in Section 3 we express S(D; q 1 ; q 2 ) in the form (1.2) obtaining the formulae for c , in Section 4 we apply the results of Sections 2 and 3 to prove the niteness of the sets P 0 and P 1 . Section 5 consists of two tables, which for every hq 1 ; q 2 i 2 P " (" = 0; 1) give arithmetic progression relevant to (1.11) or (1.13). In the former case r, in the latter case e = E sgn D and c are also given.
Professor A. Granville has communicated to us that he also proved the theorem of the paper in a somewhat di erent way. The second author worked on the paper during his visits to the Carleton University, the Louisiana State University and the University of Georgia. He thanks warmly Professors A. Granville and K.S. Williams for some helpful conversations and the sta of these universities for their hospitality. The third author was partially supported by grant LEQSF(1995-97)-RD-A-09 from the Louisiana Educational Quality Support Fund.
In the proofs of Propositions 1 and 2 of the next section we have used some hints from the referee.
Dirichlet characters
In this section we prove three propositions giving the existence of Dirichlet characters with certain properties. For de nitions and basic facts on Dirichlet characters we refer the reader to Hasse 2] . Throughout the paper let m denote a xed primitive mth root of unity and ' denote the Euler totient function.
For a prime power P let g P be a generator of the group of characters mod P, even if P = 2 , Proof. By the assumption there exists a prime power P such that P j f, (P; f P ) = 1 and P > 4 g P ; if P is even and obtain (?1) = ". Also is not real since g 2 P (P odd) and g P (P even) is not real. The same characters, by Lemma 2, have conductor P, hence is primitive of conductor f. If we had (2) 2 = 1 it would follow P odd, g P (2) 4 = 1, hence 2 4 1 (modP), contrary to (2.1).
In the case (ii) by Lemma 3 there exists a primitive character of conductor f P such that (?1) = "g P (?1). We put = g 1 P : are primitive characters of conductor f, non-real since g P is not real. Also (?1) = ". If we had (2) 2 = 1 for both signs, it would follow that 1 = + (2) 2 ? (2) ?2 = g P (2) 4 ; 5 hence 2 4 1 (mod P), contrary to (2.1).
It remains to consider the case 40 j f j 120. Here we take (ii) ; 6 = T f5; 17g.
(iii) T = ;. Case (i). Here there exists a P 2 P such that k 2 6 1 (mod P) and 2 8 6 1 (mod P): .2) is 2 and the equality (2) 2 = 1 would give g P (2) 8 = 1 ; hence 2 8 1 (mod P), contrary to (2.3). Moreover (?1) = 1 (?1) 2 (?1) = " and (k) = would imply 2 (k) = 1 (k) ; which gives in the case (2.4) g P (k) = 1, in the case (2.5) either g P (k) 2 = 1 or g P (k) 2 = ?1 and k 2 6 ?1 (modP), in the case (2.6) g P (k) 4 = ?1 and k 2 ?1 (modP), which in cases (2.4) and (2.5) contradicts k 2 6 1 (mod P). In case (2.6) we have k 4 1 (mod P) and so g P (k) 4 = 1, a contradiction.
Before we proceed to the cases (ii) and (iii) we make the following observation.
Since f = j 2 8 ? 1, there exists the least P 2 P such that P = j 2 8 ? 1:
(2.7) Then if 1 is a character mod f P and c j 2 at least one of the characters = 1 g c P satis es (2) 2 6 = 1, otherwise we should have 1 = + (2) 2 ? (2) ?2 = g 4c P (2); 7 hence 2 8 1 (mod P), contrary to (2.7).
Therefore, whenever in the sequel the exponent of g P divides 2 we obtain (2) 2 6 = 1 replacing g P by g ?1 P , if necessary. Case (ii). Here we put if T \ f5; 17g = fpg and 3 2 P.
By Lemma 2 is a primitive character of conductor f. The only prime satisfying (2.2) is 2. Since ((3 ")=2) j 2 a proper choice of g P gives (2) 2 6 = 1 and is not real. Case (iii). Here we assume without loss of generality that k 1 (mod P i ) for i j, k ?1 (modP i ) for i > j and if 3 2 fP 1 ; : : : ; P h g then 3 = P 1 or 3 = P h . Since k 6 1 (modf) we have 1 j < h.
If either 3 6 2 fP 1 ; : : : ; P h g or 3 = P 1 , = " or 3 = P h , = 1 we put = g In the remaining case k 1 (mod 2 ), " = ?1, f 1 has a prime factor p such that k 6 1 (modp). We put (1 ? (q))B 1; ; (3.3) where the last sum is over all primitive characters with conductor f such that f j r and where has the opposite parity to that of (B 1; = 0 for even non-trivial ). Proof. It is enough to show that under the assumption of the theorem there exists both an even and an odd primitive non-real character , such that c 6 = 0. In view of by assumption (i) we have f = j . Here we can use formula (3.7) and it remains to consider the cases when r 2 = j 120, 2 k r 2 or r 1 = j 120, 2 k r 1 . If r 2 = j 120 and 2 k r 2 by Proposition 1 we can nd both an even and an odd primitive non-real character of conductor f = (r 2 =2) such that (2) 6 = 1. Moreover the divisibility (r 2 =2) j would imply r 1 = r 2 or r 2 = 2r 1 , which is not the case. Thus f = j and by virtue of (3.6) c 6 = 0.
If r 1 = j 120 and 2 k r 1 by Proposition 1 we can nd a primitive non-real character of prescribed parity of conductor f = (r 1 =2) such that (2) 6 = 1. If f = j we can use formula (3.7) and c 6 = 0. If (r 1 =2) j we have (r 1 =2) j r 2 and in consequence r 2 = j 120.
This case was considered above.
Case (ii). Here we may assume that r 2 = j 120 and by Proposition 1 we can nd both an odd and an even primitive non-real character of conductor f = (r 2 =2) such that (2) 6 = 1. If f = j we can use formula (3.6) and c 6 = 0. The divisibility (r 2 =2) j implies (r 2 =2) j r 1 and by assumption we obtain r 2 = 2r 1 .
Let r 2 = 2r 1 and r 2 = j 120. Then r 2 is even. If r 1 is divisible by 4 in virtue of Proposition 1 we can nd a non-real primitive character of prescribed parity of conductor f = r 2 . By assumption we have f = j . Consequently we can use formula (3.6) and c 6 = 0. It remains to consider the case 2 k r 2 (r 1 odd). By virtue of Proposition 2 (for k = 8) since by (a) r 1 = j 7 and r 1 = j 9 we can nd a primitive non-real character of prescribed parity of conductor d j r 1 such that (8) 6 = ? (2) and (q) 2 6 = 1 for all primes q such that q j r 1 and q = j d. By virtue of formula (3.5) it follows easily that c 0 6 = 0 for this . We shall prove the same for c 00 by contradiction. The equality c 00 = 0 would imply (2) (k 2 ) (1 ? (2) (2) Let k denote a natural number such that 1 k r ? 1 and k 2 kk 1 (mod r ). Since q 1 < q 2 , q 1 + q 2 6 = 1 we have k 2 6 k 1 (mod r ), k 6 1 (mod r ). By (b) r = j 240 or 80 j r, hence by virtue of Proposition 3 we can nd a non-real primitive character of prescribed parity of conductor d j r such that (k) 6 = 1 and (q) 2 5 Tables   The following table lists 
